Abstract. In an article from 1865 Arthur Cayley claims that given a plane algebraic curve there exists an associated 2-Hessian curve that intersects it in its sextactic points. In this paper we fix an error in Cayley's calculations and provide the correct defining polynomial for the 2-Hessian of a plane curve.
Introduction
Let C = V (F ) be an algebraic curve of geometric genus g and degree d, given by a polynomial F ∈ C[x, y, z] d , in the projective plane P 2 over the complex numbers C. In standard terms, the singular points of an irreducible curve C are the points where the partial derivaties of F vanish, and a cusp is a unibranched singular point. A non-singular point is referred to as a smooth point. Given two curves C and C and a point p ∈ C ∩ C , let (C · C ) p denote the intersection multiplicity of C and C at p. Moreover, for any point p ∈ C, let m denote its multiplicity, i.e. the intersection multiplicity of the curve and a generic line at the point. Now, given an irreducible curve C and fixed n ∈ N, consider curves, not necessarily irreducible, of degree n in P 2 , and look at the intersections these curves have with C. With r(n) = 1 2 n(n + 3), for every smooth point p ∈ C there exists a curve of degree n such that the local intersection multiplicity is equal to or bigger than r(n) [Arn96] . Such a curve is called an osculating curve to C at p. A smooth point where the intersection multiplicity between a curve of degree n and C is strictly bigger than r(n) is referred to as an n-Weierstrass point. In this case, the curve of degree n is called a hyperosculating curve.
For n = 1 this comes down to tangent lines to C at smooth points p ∈ C. The tangent to C at p is denoted by T p , is given by the linear polynomial xF x (p) + yF y (p) + zF z (p), and has the property that (T p · C) p > 1. The 1-Weierstrass points are nothing but the inflection points, points where (T p · C) p > 2, and the order of inflection is equal to (T p · C) p − 2.
The main focus of this paper is the case n = 2. For every smooth point p ∈ C there exists a unique conic O p such that (O p · C) p ≥ 5. This conic is referred to as the osculating conic to C at p [Cay59] . In particular, we look at points where (O p · C) p > 5, i.e. the 2-Weierstrass points. The 2-Weierstrass points include inflection points and a class of smooth points called sextactic points, first studied in a general setting by Cayley in [Cay65] .
In the case n = 1 it is well known that the Hessian curve of degree 3(d − 2), given by the polynomial
intersects C in its inflection points and singular points. By abuse of notation we refer to both the Hessian curve and its defining polynomial as H.
In [Cay65] , Cayley presents a curve with similar properties; a curve of degree 12d − 27 that intersects C in its sextactic points, higher order inflection points, and its singular points. The first main result of this article is a correction of Cayley's defining polynomial for this curve, referred to as the 2-Hessian of C. See Section 2 for notation. 
such that the intersection points between C and this curve are the singular points, the higher order inflection points, and the sextactic points of C.
As in the case of the Hessian curve, we abuse notation and refer to both the 2-Hessian curve and its defining polynomial as H 2 . Note that a modern treatment of higher Hessians for smooth plane curves and generalized Hessians for smooth curves in P n that are complete intersections can be found in [Cuk97] .
Weierstrass points of curves with respect to a linear system Q have been intensively studied, both classically in the case of smooth curves, and more recently for singular curves [BG97, DC08, Lak84, LW90, Pie77] . For a singular plane curve, the Weierstrass points with respect to a linear system Q are the singular points and the smooth Weierstrass points. Note that since we in this article we will restrict our study to Weierstrass points on plane curves with respect to linear systems Q of curves of degree n, we interchangeably use the notation n-or Q-Weierstrass points.
To each Q-Weierstrass point p on a curve C it is possible to assign a so-called Weierstrass weight w p (Q); in the case of plane curves by means of intersection multiplicities [Not99] . On the other hand, the sum of the Weierstrass weights can be computed through a generalization of the Brill-Segre formula [BG97] . Either way, this makes it possible to establish generalized Plücker formulas. In the case of sextactic points on smooth plane curves and curves with ordinary singularities, this has been done by Thorbergsson Another hot research topic the last 20 years is plane cuspidal curves, i.e. curves where all the singularities are cusps. Up to topological type, a cusp can be described by its multiplicity sequence, m, defined as the multiplicities of the points above p in the minimal embedded resolution of the cusp, see [BK86, p. 503] . With this in mind, the question of how many and what kind of cusps a cuspidal curve can have naturally arises. This question has been studied partially to get an overview of plane curves, furthermore because the complement of some such curves are examples of loggeneral open surfaces. For a brief overview of this topic we refer to [Moe08, Moe13] .
The second main result in this article exploits the simplicity of cuspidal curves and the progress in the study of Weierstrass points on singular curves in order to provide a formula for the number of sextactic points on plane cuspidal curves. Unfortunately, this result does not provide new answers to questions raised for cuspidal curves.
Before we state the result, note that in the case of a cusp p on C, since it is unibranched of multiplicity m, there exists a unique line T p such that (T p ·C) p > m, referred to as the tangent line to C at p. Similarly, applicable only to cusps where (T p · C) p = 2m, there exists a, not necessarily unique, irreducible osculating conic O p to C at p (see Proof of Theorem 1.2 in Section 3). This article has the following structure. In Section 2 we fix Cayley's polynomial for the 2-Hessian, and we explore some curves.
In Section 3 we prove the formula from Theorem 1.2 for the number of sextactic points on cuspidal curves, and we apply this formula to examples. Moreover, we derive an associated formula with an apparent geometrical interpretation.
In Section 4 we take a closer look at rational curves. In this case, the osculating conic to a curve at a smooth point can be calculated directly from the parametrization. Moreover, we show that the Weierstrass weight of a point corresponds to the order of zeros of the Wronski determinant of the 2nd Veronese embedding of the curve.
The figures in this articles are made with [IGI12] . Computations are made with [Map16] and programs are presented in [Mau17, Appendix B].
The 2-Hessian curve
In this section we show that the polynomial in Theorem 1.1 on page 2 is the correct defining polynomial for the 2-Hessian of a plane curve, and apply it to examples. We start with some notation, mostly following Cayley's original articles.
With C and F as before, and p a point on the curve, let
For the mixed second order partial derivatives of F , write
In a similar fashion, let the mixed second order partial derivatives of H be denoted by
Moreover, put
The expressions ∂ y ΩH , ∂ z ΩH , ∂ y ΩF and ∂ z ΩF are obtained by replacing x with y and z, respectively, in ∂ x ΩH and ∂ x ΩF . Lastly, let Ψ denote the determinant
2.1. The osculating conic. Given a curve C, for any smooth point p there exists a unique osculating conic O p . Indeed, in the case of inflection points, this conic is the double tangent line, given by
Moreover, for a smooth point that is not an inflection point, the polynomial of the osculating conic is given by Cayley in [Cay59] . 
For completion, we include the formal definition of a sextactic point.
Definition 2.2. Let p be a smooth point that is not an inflection point on a curve C, and let O p be the osculating conic to C at p. Then p is called a sextactic point
With s = (O p · C) p − 5, a sextactic point p is said to be of order s, or s-sextactic.
Example 2.3. Let C be the nodal cubic curve given by
Now, choose p = (−1 : 0 : 1), a smooth point on C. The osculating conic to C at p can be directly computed with [Mau17, Program B.2, pp. 67-68],
The intersection multiplicity of the conic and the curve at the point is 6, hence this is an example of a sextactic point and a hyperosculating conic. See Figure 1 on the following page. 
The correct 2-Hessian.
A defining polynomial of the 2-Hessian to a curve C first appears in [Cay65] . There is, however, an elementary computational error in the proof that makes Cayley's version of the 2-Hessian incorrect. This mistake will be corrected in the following.
To state the defining polynomial of the 2-Hessian, one more shorthand notation is required. Given three polynomials F, G, H, the determinant of the Jacobian matrix is denoted by Jac(F, G, H),
With notation as above, the incorrect defining polynomial for the 2-Hessian by Cayley can be found in [Cay65, p. 556]:
Recall that the correct defining polynomial for the 2-Hessian to a curve C is given in Theorem 1.1 by
Comparing these two polynomials, we notice that Cayley's error affects only the coefficient of the last term. For many curves this term vanishes, which may explain why the flaw has gone unnoticed for more than 150 years (cf. [Cuk97] ). For completion we now dive into Cayley's proof from [Cay65] , point out the mistake he makes, and show that correct calculations lead to the defining polynomial in Theorem 1.1.
Proof of Theorem 1.1. Cayley's proof starts out with restrictions that arise when more than five points in the intersection between a conic and the curve C coalesce. After a few pages of calculations, Cayley reaches a condition for the 2-Hessian in Section 17 on p. 552 of [Cay65] on the form
where Cayley's mistake occurs as he attempts to simplify the last term of Equation (1), in Section 19 on p. 553 of [Cay65] . In the simplification Cayley introduces a variable W in Section 18 and correctly states that
where ϑ = λx + µy + νz. Moreover, in Section 19, Cayley states that
Observing that 9H 2 ∂Ω − 45HΩ∂H + 40Ψ∂H = 9HW + 40Ψ∂H, Cayley rewrites the last term of Equation (1) and obtains
where he makes the mistake of forgetting to multiply 40 by 1 2 . The correct calculations yield
where the coefficient of Jac(F, Ψ, H) in the parenthesis is 20 as opposed to 40 in Equation (2). Using the correct result from Equation (3), we manipulate Equation (1) along the same lines as Cayley in Section 20 of [Cay65] , and obtain the condition
where is an expression that in Sections 21-25 of [Cay65] is simplified to = − (5d 2 − 18d + 17)ϑ Jac(F, H, ΩH )
Thus, after throwing out the common factor ϑ, Equation (4) becomes
Interchanging the last two rows of the determinants of the Jacobian matrices in the last term changes their signs, and gives
By the product rule ∂ x Ω = ∂ x ΩH + ∂ x ΩŪ and likewise for y and z, so Jac(F, H, Ω) = Jac(F, H, ΩH ) + Jac(F, H, ΩF ).
Using this, gathering terms and simplifying, we get the desired result.
Example 2.4. Let C be the curve given by the defining polynomial 
A complete overview of this curve in terms of singularities, inflection points and sextactic points, and intersections with associated curves, can be found in Table 1 . 
where a = −1, ±2. They study the 2-Weierstrass points of C a by the Wronskian form and the order of zeros of this form. Now, explicit calculation of the intersection between C a and the 2-Hessian provides the same results. For example, in the case a = 14 we compute the 2-Hessian and find a total of 68 points in the intersection; eight 3-sextactic points and 60 1-sextactic points. The coordinates of the eight 3-sextactic points are
At each of these points, computing the osculating conic and directly checking the intersection multiplicity in [Map16] shows that (O pi · C) pi = 8.
Sextactic point formulas
In this section we prove the formula for the number of sextactic points on a cuspidal curve in Theorem 1.2 on page 3. Moreover, we state a variation of this formula that reflects properties of the Hessian and 2-Hessian curves associated to the cuspidal curve.
3.1. Proof of Theorem 1.2 and applications. The key ingredient in our proof is a generalized Plücker formula by Ballico and Gatto in [BG97] that gives a connection between invariants of C and the linear system Q, and the total sum of Weierstrass weights of the Q-Weierstrass points on a curve. Note that this formula is simply a generalization of the Brill-Segre formula to the singular case. In our situation the proposition can be stated as follows. In the case of plane curves, to compute the Weierstrass weight w p (Q) of a point p ∈ C with respect to a complete linear system Q of dimension r, we use a technique by Notari from [Not99, [24] [25] [26] . Assuming that C is cuspidal, Notari's algorithm reduces to, for each point p ∈ C, finding curves C 0 , . . . , C r of degree n such that the intersection multiplicities at p are distinct. Subsequently, with h i = (C · C i ) p , the Q-Weierstrass weight of a unibranched point p can be expressed as
To compute h i we make use of the Puiseux parametrization of C at a point p [Fis01, Cor. 7.7, p. 135], which ensures that a branch of C at p can be represented by (t m : at l + · · · : 1),
where m and l are as above, a = 0, and "· · · " denotes higher order terms in t.
Proof of Theorem 1.2. Let C be a cuspidal curve of geometric genus g, and let Q be the complete linear system of conics on C, with deg Q = 2d and r = dim Q = 5. Hence, the right hand side of the formula in Proposition 3.1 reads 6(2d + 5g − 5).
For the left hand side of the formula, to compute the Q-Weierstrass weight of a point p, we proceed by considering two cases separately: The set of points for which l = 2m, and the set of points for which l = 2m.
The case l = 2m: This case includes the inflection points and some of the cusps, and coincides with the set I.
We choose the standard basis for Q given by all degree 2 monomials in x, y, z, i.e.
and substitute the Puiseux parametrization of C at p into this basis. This gives
By assumption l = 2m, hence the basis elements represent curves with distinct intersection multiplicities at p. Observing that
and inserting this into Equation (5) yields
The case l = 2m: Note that this case includes all smooth points that are not inflection points and some of the cusps; the latter coincides with the set J. First, as above, substitute the Puiseux parametrization of C at p into the standard basis. Since l = 2m, two of the orders of t in the basis elements are equal,
If p is a smooth point, with m = 1, there exists by Theorem 2.1 a unique irreducible conic O p that intersects C at p with intersection multiplicity c, where c ≥ 5. If p is a cusp on C, we may construct, by taking linear combinations of the basis elements, an irreducible conic that intersects C at p with intersection multiplicity c, for a c = m, 2m, 3m, 4m. This conic is not necessarily unique, but if there exists a family of such conics at p, it follows from explicit calculations with the Puiseux parametrization that c is uniquely determined. Hence, for cusps where l = 2m, by an osculating conic to a curve at the cusp we refer to any member of this family.
In either case, we retrieve
Thus, the Q-Weierstrass weight of p is
Note that if p is smooth, then w p (Q) is equal to its type as a sextactic point, s p = c − 5. The formula is valid even when p is not sextactic, as in this case w p (Q) = 0. Thus, we get that the total number of sextactic points on C, counted with multiplicity, is
Putting this together while isolating s, we get
which is exactly what we wanted to show. Example 3.4. Consider the cuspidal quintic given by the defining polynomial
A complete overview of this curve is given in Table 2 , where the intersection multiplicities are computed explicitly. rational This curve has four cusps and no inflection points. Note that this curve is particularly interesting, since it is, up to projective equivalence, the only known rational cuspidal curve with more than three cusps. Three of the cusps have identical properties; they have m = 2 and l = 3. The fourth cusp, with multiplicity sequence [2 3 ], has m = 2 and l = 4, and by Lemma 3.3 we have c = 7. Hence, by Theorem 1.2, the number of sextactic points on this curve is
which agrees with the number of sextactic points on the curve described in Table 2. 3.2. A corollary that ties everything together. As a corollary to Theorem 1.2, in this section we state a formula that reflects the intersection of a curve of degree d with its 2-Hessian of degree 12d − 27. Before we prove Corollary 3.5, note that the formula could be interpreted as an application of Bézout's theorem to C and its 2-Hessian; the term d(12d − 27) is simply the product of the degrees. The remaining terms are local in nature, and we claim in Conjecture 3.6 that these terms reflect a natural geometrical interpretation. We have verified that the conjecture holds for all rational cuspidal curves of degree 4 and 5; for examples, see the intersection tables for the curves appearing in this article. We emphasize that a similar result exists for the Hessian curve of a cuspidal curve [Moe13, Theorem 2.1.9, p.32].
Conjecture 3.6. The intersection multiplicity (H 2 · C) p of a cuspidal curve C and its 2-Hessian curve H 2 at any point p is determined by the delta invariant δ, the multiplicity m, the intersection with the tangent l, or the intersection with an osculating conic c. If p is a point on C such that l = 2m, then
If p is a point on C such that l = 2m, then
Proof of Corollary 3.5. By substituting Clebsch' formula for the genus of a plane curve [Har77] ,
into the formula from Theorem 1.2, we get
This reduces to
Moreover, we have the inflection point formula for cuspidal curves, explicitly stated in [Moe13, Theorem 2.1.8, p.32],
where v denotes the number of inflection points counted with multiplicity, and where the sum is taken over all cusps on C. This can be rewritten
By subtracting Equation (7) from Equation (6) and sorting terms, we reach the desired expression.
Sextactic points on rational curves
In this section we assume that C is a rational plane curve, i.e. g = 0 and C can be given by a parametrization
We will exploit properties of this parametrization and show that the 2-Weierstrass points of a curve can be found in a natural way. First in this section, we state a corollary to Theorem 1.2 for rational cuspidal curves, which is obtained by setting g = 0. 4.1. The osculating conic for rational curves. For a smooth point p that is not an inflection point on a rational curve, it is possible to compute the osculating conic O p directly from the parametrization.
Theorem 4.2. Let C be a rational plane curve given by a parametrization ϕ(s, t), and let ω(s, t) denote the determinant
ω(s, t) = x 2 y 2 z 2 yz xz xy ∂ 4 (ϕ 2 0 ) ∂s 4 ∂ 4 (ϕ 2 1 ) ∂s 4 ∂ 4 (ϕ 2 2 ) ∂s 4 ∂ 4 (ϕ1ϕ2) ∂s 4 ∂ 4 (ϕ0ϕ2) ∂s 4 ∂ 4 (ϕ0ϕ1) ∂s 4 ∂ 4 (ϕ 2 0 ) ∂s 3 ∂t ∂ 4 (ϕ 2 1 ) ∂s 3 ∂t ∂ 4 (ϕ 2 2 ) ∂s 3 ∂t ∂ 4 (ϕ1ϕ2) ∂s 3 ∂t ∂ 4 (ϕ0ϕ2) ∂s 3 ∂t ∂ 4 (ϕ0ϕ1) ∂s 3 ∂t ∂ 4 (ϕ 2 0 ) ∂s 2 ∂t 2 ∂ 4 (ϕ 2 1 ) ∂s 2 ∂t 2 ∂ 4 (ϕ 2 2 ) ∂s 2 ∂t 2 ∂ 4 (ϕ1ϕ2) ∂s 2 ∂t 2 ∂ 4 (ϕ0ϕ2) ∂s 2 ∂t 2 ∂ 4 (ϕ0ϕ1) ∂s 2 ∂t 2 ∂ 4 (ϕ 2 0 ) ∂s∂t 3 ∂ 4 (ϕ 2 1 ) ∂s∂t 3 ∂ 4 (ϕ 2 2 ) ∂s∂t 3 ∂ 4 (ϕ1ϕ2) ∂s∂t 3 ∂ 4 (ϕ0ϕ2) ∂s∂t 3 ∂ 4 (ϕ0ϕ1) ∂s∂t 3 ∂ 4 (ϕ 2 0 ) ∂t 4 ∂ 4 (ϕ 2 1 ) ∂t 4 ∂ 4 (ϕ 2 2 ) ∂t 4 ∂ 4 (ϕ1ϕ2) ∂t 4 ∂ 4 (ϕ0ϕ2) ∂t 4 ∂ 4 (ϕ0ϕ1) ∂t 4 .
Then, for a smooth point
Proof. Let v 2 (C) ⊂ P 5 denote the image of C under the 2nd Veronese embedding of P 2 to P 5 , such that
With (x 0 : x 1 : x 2 : x 3 : x 4 : x 5 ) denoting the coordinates of P 5 , consider the determinantω(s, t),
For a smooth point v 2 (C)(s 0 , t 0 ), the linear polynomialω(s 0 , t 0 ) defines a unique osculating hyperplane to v 2 (C) in P 5 , and this hyperplane corresponds to the osculating conic to C at p = ϕ(s 0 , t 0 ), with defining polynomial ω(s 0 , t 0 ).
For a smooth point p ∈ C, the osculating conic O p is unique, so for rational curves and points that are not inflection points, the conic from Theorem 4.2 and Cayley's osculating conic from Theorem 2.1 obviously coincide, as can be seen in the following example. 
The Weierstrass weight.
We now show by direct computation that for rational curves, not necessarily cuspidal, the Weierstrass weight of points on C with respect to the linear system of conics can be computed as the order of zeros of a homogeneous polynomial. Proof. First observe that whenever ξ(s, t) vanishes, the corresponding point on v 2 (C) is either singular, or there exists a hyperplane in P 5 that is hyperosculating to v 2 (C). As before, this hyperplane corresponds to a hyperosculating conic to C in P 2 , hence determining an inflection point or a sextactic point. For a smooth curve, [Mir95, Chapter VII, Section 4, pp. 233-246] ensures that the multiplicity of a zero of ξ(s, t) equals the Weierstrass weight of the corresponding point. Note that this is the same as the flattening points of the Veronese embedding, as described in [Arn96, 15] . This takes care of the smooth points. Alternatively, the below analysis for singular points can be applied to smooth points.
Theorem 4.4. Let C be a rational plane curve with parametrization ϕ(s, t), and let ξ(s, t) denote the Wronski determinant
In the case of singular points, we consider each branch separately, and perform a local computation. So choose one branch and perform a linear transformation on C so that the chosen branch of p corresponds to the parameter values (s : t) = (1 : 0), and so that its tangent is y = 0. Moreover, by abuse of notation, observe that
.
Assume first that the chosen branch can be parametrized by (t m : at l + . . . : 1), with a = 0 and l = 2m. Substituting this into ξ(t), computing the determinant, and comparing with the proof of Theorem 1.2 in Section 3.1, it follows that
If l = 2m, first transform the branch of C at p so that it is given by the parametrization ( for a b = 0 and c = m, 2m, 3m, 4m. Then, for a parametrized curve ψ in P 5 , consider the determinant
Straight forward computations gives that the order of t in W σ (t) is 10m + c − 15. Obviously, ord t W σ (t) = ord t W ρ (t) = ord t ξ(t), hence ord t ξ(t) = 10m + c − 15. Moreover, notice that in this case the inverse image of the hyperplane x 4 = 0 under the linear transformation in P 5 and the Veronese embedding corresponds to a conic in P 2 that intersects the branch of C at p with intersection multiplicity h 5 = c. Hence, we have that
Performing a similar analysis of all branches of C at p, and summing up, we reach w p (Q).
Remark 3. Observe that the polynomial ξ is homogeneous in s, t of degree 6(2d−5). Hence, by summing the Weierstrass weights, Theorem 4.4 provides another proof of Corollary 4.1.
We now look at two examples where we compare the Weierstrass weights found using either intersections or the order of zeros of the Wronski determinant. By explicit calculations, this curve has two cusps, one inflection point and two sextactic points, see Table 3 . These are all the Weierstrass points for the linear system of conics on C.
Computing the Wronski determinant gives ξ(s, t) = Ks 17 t 10 (192s 3 + 1680s 2 t + 5275st 2 + 5250t 3 ),
where K = −535188929406566400.
Since C is cuspidal, each of the coordinates of the points on C correspond uniquely to a pair of parameters (s : t). The cusps p 1 and p 2 correspond to (0 : 1) and (1 : 0), respectively, while the inflection point p 3 , and the sextactic points p 4 and p 5 correspond to zeros of 192s 3 +1680s 2 t+5275st 2 +5250t 3 . Thus, we conclude that w p1 (Q) = 17, w p2 (Q) = 10, and w p3 (Q) = w p4 (Q) = w p5 (Q) = 1.
Using the information in Table 3 , we verify this. For p 1 , l = 2m, so w p1 (Q) = 4 · 3 + 4 · 5 − 15 = 17. For p 2 , l = 2m, and by Lemma 3.3 we have that c = 5, so w p2 (Q) = 10 · 2 + 5 − 15 = 10. The inflection point p 3 is simple, hence w p3 (Q) = 4 · 1 + 4 · 3 − 15 = 1. The sextactic points have 2-Weierstrass weight equal to their sextactic type, w p4 (Q) = w p5 (Q) = 1.
Next, we consider a curve with cusps with the same multiplicity sequences as in Example 4.5, and we notice that the 2-Weierstrass points are different. 
